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For the recently discovered cuprate superconductor Ba2CuO3+δ, we propose a lattice structure
which resembles the model considered by Lieb to represent the vastly oxygen-deficient material. We
first investigate the stability of the Lieb-lattice structure, and then construct a multiorbital Hubbard
model based on first-principles calculation. By applying the fluctuation-exchange approximation
to the model and solving the linearized Eliashberg equation, we show that s−wave and d−wave
pairings closely compete with each other, and, more interestingly, that the intra-orbital and inter-
orbital pairings coexist. We further show that, if the energy of the d3z2−r2 band is raised to make
it “incipient” with the lower edge of the band close to the Fermi level within a realistic band filling
regime, s±-wave superconductivity is strongly enhanced. We reveal an intriguing relation between
the Lieb model and the two-orbital model for the usual K2NiF4 structure where a close competition
between s− and d−wave pairings is known to occur. The enhanced superconductivity in the present
model is further shown to be related to an enhancement found previously in the bilayer Hubbard
model with an incipient band.
I. INTRODUCTION
More than 30 years have passed since the discovery
of the high-Tc cuprates, but a full understanding of
their physics remains one of the most challenging prob-
lems in the condensed matter physics [1]. However, one
strong consensus has been reached: The CuO2 planes
play an essential role in the occurrence of superconduc-
tivity. Namely, the cuprates have a layered perovskite
crystal structure, where a copper atom is surrounded
by oxygens, typically with an octahedral coordination.
Since the octahedron is elongated in the c-axis direction,
the crystal field splitting makes the 3dx2−y2 orbital have
the highest energy among the 3d orbitals. Hence, the
d9 electron configuration results in a situation where the
electronic structure can be regarded as basically a single-
band system. Indeed, some of the present authors have
shown that there is a systematic material dependence, in
which Tc is basically increased as the one-band character
(3dx2−y2) becomes stronger, i.e., when the energy of the
3d3z2−r2 orbital is lowered below that of 3dx2−y2 , which
is realized for higher apical oxygen heights [2–5].
The recent experimental discovery by Li et al. [6] of
another type of cuprate superconductor, Ba2CuO3+δ, is
remarkable in this context. The material, having a lay-
ered structure, exhibits Tc = 73 K, which is much higher
than that of “214” La2−xSrxCuO4 [7] with Tc ' 40 K,
but more interestingly, a dramatic feature, among others
not seen in conventional cuprates, is that a large amount
of oxygen deficiencies exist in the CuO2 planes [8]. De-
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tails of the sample preparation is reported to be as fol-
lows: Ba2CuO3+δ samples are synthesized in a tetrago-
nal symmetry at a much higher pressure (18 GPa) than
usual, and at a temperature of 1000◦C, in a polycrys-
talline form. This is in contrast with a lower-pressure
synthesis in which only an orthorhombic phase is syn-
thesized. This implies that the tetragonal phase, even
if metastable, is stabilized with the high-pressure syn-
thesis. The excess oxygens Oδ are also added in the
Cu-O planes by the extremely high pressure synthesis
with δ ' 0.2. This immediately raises a puzzle regard-
ing the origin of the high Tc because the CuO2 planes
should simply be disrupted at this level of O deficiency
from the conventional Cu-O plane. Another notable fea-
ture in Ba2CuO3+δ is that the combination of the oxy-
gen content of 3 + δ ' 3.2 and the +2 valence of Ba
should make the electron configuration significantly de-
viate from d9, namely, an unprecedented amount of holes
(as large as ∼40%) exist. This sharply contrasts with
the conventional wisdom for the cuprates that supercon-
ductivity is optimized around 15% hole doping [1]. Yet
another curious feature is that each CuO octahedron is
compressed rather than elongated along the c axis with
the apical oxygen height smaller than the in-plane Cu-
O distance, so that the Cu 3d3z2−r2 orbital should be
higher approaching that of 3dx2−y2 , and so a multiband,
multiorbital situation is expected. These features are all
in strong contradiction with the high-Tc condition for
the conventional cuprates, which suggests that an alter-
native pairing mechanism may be at work in this new
material. Indeed, a number of theoretical studies have
proposed various pairing mechanisms based on various
lattice structures [9–14]. The experimental finding of
Ba2CuO3+δ may also shed a light on the previous find-
ing of Sr2CuO3+δ [15–17], which also possesses a large
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2amount of oxygen deficiencies and a Tc as high as ' 90 K
but a much lower superconducting fraction than in the
Ba2CuO3+δ.
Given this background, a theoretical challenge is that
how we can construct a model and fathom the structure
of the gap function for the material, which has hugely
oxygen-depleted CuO2 planes. Assuming that the de-
ficiencies are ordered, some candidates for the crystal
structure have been proposed. Liu et al. propose a chain-
type structure, which actually exists in Sr2CuO3 [10, 18–
20]. Li et al. predict a ladder-type lattice based on an
automated structure inversion method [12]. Le et al. pro-
pose a structure where a matrix of Ba2CuO4 with CuO2
planes is embedded in the background of Ba2CuO3 [11].
More recently, another type of lattice dubbed as the
brick-wall model has been proposed [14].
Thus, the lattice structures considered so far
(other than the conventional K2NiF4 type) have one-
dimensional natures in some sense or other, but an exper-
iment [6] suggests the material has tetragonal symmetry.
This has motivated us to propose here another structure,
depicted in Figs. 1(a), and 1(c), as a candidate for the un-
doped Ba2CuO3 (“213” composition), where by doping
we mean adding excess oxygens. We call the proposed
structure the “Lieb-lattice type,” since it resembles the
model considered by Lieb [21] if we focus on the Cu sites
1, 2, and 3 in Fig. 1, and ignore Cu site 4, which is shown
to be electronically irrelevant. The model considered by
Lieb possesses a flat band in the band structure, and, in
the context of magnetism, it is theoretically proven that
ferromagnetism occurs at half-filling when the on-site re-
pulsive interaction U is turned on. A superconducting
mechanism exploiting the flat band of the Lieb lattice has
also been proposed [22]. Lieb originally considered a class
of models with different numbers of sublattice sites, and
superconductivity in such a model in a quasi-1D structure
has also been studied with the density-matrix renormal-
ization group [23]. Here, however, we shall see that the
model derived in the present study is actually distinct
from the original (single-orbital) Lieb model, since the
present material inherently has a multiorbital nature, as
we shall show.
We start with an investigation of the stability of the
Lieb lattice in terms of the total energy and phonon cal-
culations for the lattice structure of Ba2CuO3, and cal-
culate its electronic band structure. The obtained band
structure is then used to construct multi-orbital models,
for which we apply the fluctuation exchange (FLEX) ap-
proximation [24, 25] to study the superconductivity. We
show that s-wave and d-wave pairings closely compete
with each other, where we find a peculiar case of coex-
isting intraorbital and interorbital pairings. We further
show that superconductivity is strongly enhanced if we
increase the energy of the d3z2−r2 band (from its orig-
inal position obtained by first-principles calculation for
Ba2CuO3) to make it “incipient” [23, 26–44], where the
lower band edge comes close to the Fermi level within a
realistic band filling regime. In an even wider scope, we
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FIG. 1. Cu-O plane in (a) the Lieb-lattice-type structure, and
(b) the chain-type structure. The apical oxygen positions (not
displayed) are all occupied in both cases. Ba atoms reside at
the same sites as in the K2NiF4-type structure. (c) A bird’s-
eye view of the Lieb structure with VESTA [45] software. Cu
site 4 is not displayed for clarity.
reveal that the Lieb model has an intimate relation with
the two-orbital model of the K2NiF4 structure where a
close competition between s-wave and d-wave pairings
is known to occur [9]. We finally point out a relation
between the enhanced superconductivity in the present
models and an enhancement found previously in the bi-
layer Hubbard model with an incipient band.
II. FORMULATION
We consider the Lieb-lattice-type structure for
Ba2CuO3, where the in-plane oxygen deficiencies are or-
dered as shown in Fig. 1(a). Details of the Ba atom posi-
tion and the unit cell of this structure are depicted in Ap-
pendix A. We perform structural optimization using the
Vienna Ab Initio Simulation Package (VASP) [46, 47].
Here, we adopt the generalized gradient approximation
formulated by Perdew, Burke, and Ernzerhof for the
exchange-correlation energy functional [48] and the pro-
jector augmented wave method [49] without the inclu-
sion of the spin-orbit coupling, and take an 8× 8× 8 k-
mesh with a plane-wave cutoff energy of Ecut = 650 eV.
3We also examine the dynamical stability of the Lieb
lattice by performing phonon calculation. We employ
the finite displacement method as implemented in the
PHONOPY software [50] in combination with VASP. We
took a 2× 2× 2 supercell and a 3× 3× 3 k-mesh. Other
conditions such as the energy cutoff are the same as those
adopted in the structural optimization, which is always
the case for phonon calculations in general.
For the optimized lattice structure, we obtain the elec-
tronic band structure taking a 6 × 6 × 6 k-mesh with a
plane-wave cutoff energy of Ecut = 550 eV. From the
electronic band structure, we extract the maximally lo-
calized Wannier functions [51, 52] using the WANNIER90
code [53]. Here we disregard very small hopping param-
eters to simplify the multiorbital Lieb lattice models (see
Appendix B for details).
In order to take account of the electron correlation ef-
fects beyond the first principles band calculation, we fur-
ther introduce the on-site multiorbital interactions with
a Hamiltonian,
Hint = U
∑
i,µ
niµ↑niµ↓
+ U ′
∑
i,µ<ν,σ
niµσniνσ¯ + (U
′ − J)
∑
i,µ<ν,σ
niµσniνσ
− J
∑
i,µ6=ν
c†iµ↑ciµ↓c
†
iν↓ciν↑
+ J ′
∑
i,µ6=ν
c†iµ↑c
†
iµ↓ciν↓ciν↑.
(1)
Here, i denotes the sites, µ, ν indicate the orbitals, σ
represents the spins, c†iµσ creates an electron, and niµσ =
c†iµσciµσ. Interactions are U , the intraorbital repulsion;
U ′, the interorbital repulsion; J , Hund’s coupling; and
J ′, the pair hopping. We do not consider electron-phonon
interactions, since our aim is to investigate an electronic
mechanism of superconductivity. To analyze the many-
body effect, here we adopt the FLEX approximation.
In the FLEX approximation, renormalized Green’s
function is determined self-consistently from the Dyson
equation, where the self-energy is calculated by taking
the bubble and ladder diagrams that consist of the irre-
ducible susceptibility,
χ0l1l2l3l4(q) = −
T
N
∑
k
Gl3l1(k)Gl2l4(k + q), (2)
which is calculated from the renormalized Green’s func-
tion G. Here q = (q, ω) stands for the wave vector q and
the Matsubara frequency ω, li denotes the orbitals, T is
the temperature, and N is the number of k points. In
order to avoid double counting of the effect of the elec-
tron interaction already considered in the first principles
calculation, we subtract the ω = 0 component of the
self-energy ReΣ(k, 0) during the self-consistent loop fol-
lowing Ref. [54]. Hence, the Fermi surface of the models
remains unchanged even after the correlation effects are
taken into account by the FLEX calculation. It should be
noted that the double counting is not rigorously avoided
since Σ(k, ω = 0) in FLEX is not the same as that in the
DFT calculation.
Using the obtained Green’s function along with the
spin (χˆs) and charge (χˆc) susceptibilities,
χˆs(q) =
χˆ0(q)
1− Sˆχˆ0(q) , (3)
χˆc(q) =
χˆ0(q)
1 + Cˆχˆ0(q)
, (4)
which are matrices for multiorbital systems with the in-
teraction matrices given as
Sl1l2l3l4 =

U, l1 = l2 = l3 = l4,
U ′, l1 = l3 6= l2 = l4,
J, l1 = l2 6= l3 = l4,
J ′, l1 = l4 6= l2 = l3,
(5)
Cl1l2l3l4 =

U, l1 = l2 = l3 = l4,
−2U ′ + J, l1 = l3 6= l2 = l4,
2U ′ − J, l1 = l2 6= l3 = l4,
J ′, l1 = l4 6= l2 = l3,
(6)
we obtain the effective spin-singlet pairing interaction,
Γˆ(q) =
3
2
Sˆχˆs(q)Sˆ − 1
2
Cˆχˆc(q)Cˆ +
1
2
(Sˆ + Cˆ), (7)
which is plugged into the linearized Eliashberg equation,
λ∆µν(k) =− T
N
∑
q,mi
Γµm1m4ν(q)Gm1m2(k − q)
×∆m2m3(k − q)Gm4m3(q − k),
(8)
where the gap function ∆µν(k) is also a matrix. G
in Eq.(8) is the renormalized Green’s function obtained
from the FLEX calculation. Through G, the mass renor-
malization and finite-lifetime effects are taken into ac-
count. The maximum eigenvalue λ of this equation
reaches unity at T = Tc, so that λ calculated at a fixed
temperature can be a measure of Tc. Throughout the
present study, we calculate λ at T = 0.01 eV. We refer
to the eigenfunction of the linearized Eliashberg equation
as the gap function. Note that since Eq.(8) is a linearized
equation, the absolute value of the gap function does not
have any physical meaning, and only its relative magni-
tude among different orbital components and its symme-
try are relevant. Both the Green’s functions and the gap
functions are obtained first in the orbital representation,
which can be transformed into the band representation
with a unitary transformation. Green’s functions will
be presented by taking its absolute value. Also, Green’s
4functions and the gap functions will be presented for the
lowest Fermionic Matsubara frequency ipikBT , and the
effective pairing interactions Γαββ′α′ will be presented at
the lowest bosonic Matsubara frequency 0.
Assuming a rigid band obtained for the Lieb-lattice-
type model, we vary the band filling in a regime that
contains a case corresponding to Ba2CuO3+δ with a real-
istic δ ∼ 0.2. In the calculation, we take 2048 Matsubara
frequencies and a 16 × 16 × 2 k-point mesh. We have
checked that calculation taking 32× 32× 2 k-point mesh
gives essentially the same results.
III. RESULTS
A. Stability of the Lieb structure for Ba2CuO3
We start with the stability of the Lieb-lattice-type
structure for Ba2CuO3. The obtained total energy of the
optimized lattice structure is Etot(Lieb) = −33.95 eV.
For comparison, we have also performed structural op-
timization for the chain-type structure of Ba2CuO3,
shown in Fig. 1(b) (see Appendix A for the actual struc-
ture), whose total energy is estimated as Etot(chain) =
−33.99 eV. Thus, the total energies of the two struc-
tures turn out to be quite close to each other; considering
the accuracy of the first principles calculation, a differ-
ence of 40 meV can be reversed, e.g., by the effects of
the correlation and/or excess oxygens not taken into ac-
count here [55]. Then, given the fact that the chain-type
structure is known to be realized in an existing mate-
rial Sr2CuO3 [18–20] but inconsistent with the tetrag-
onal symmetry, the Lieb-lattice-type structure may be
considered as a realistic candidate for the lattice struc-
ture of Ba2CuO3+δ. We further calculate the phonon
dispersion as presented in Fig. 2. We find that no imagi-
nary phonon modes are present for this lattice structure,
which suggests dynamical stability of the present Lieb-
lattice structure.
As for the apical oxygen position determined by struc-
tural optimization, its distance measured from the in-
plane Cu site turns out to depend on the site: 2.18 A˚
above Cu site 1, 1.96 A˚ above Cu sites 2 and 3, and
1.82 A˚ above Cu site 4. Namely, the sites with smaller
oxygen coordination numbers have lower apical oxygen
heights. The average value is 1.98 A˚, which is substan-
tially smaller than the value (2.42 A˚) for La2CuO4. We
may note that this is qualitatively consistent with the ex-
perimental value of 1.86 A˚ [6], if we consider the fact that
the excess oxygens in the actual material will increase
in-plane holes that should attract the apical oxygens. In
fact, for a cuprate La2−xSrxCuO4, it is actually observed
experimentally in Ref. [56] that hole doping by substitut-
ing La with Sr (which has nearly the same ion radius as
La) induces reduction of the apical oxygen height from
2.42 A˚ (x = 0) to 2.30 A˚ (x = 0.2).
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FIG. 2. Phonon dispersion for the Lieb-lattice-type Ba2CuO3.
B. Electronic band structure of the Lieb lattice
From the optimized crystal structure, we obtain the
electronic band structure as presented in Fig. 3, where we
also display the weight of the Cu dx2−y2 and Cu d3z2−r2
orbital characters. The bands originating from the or-
bitals at Cu site 4, which has no neighboring oxygens
in the plane, have energies very low, so that site 4 is
irrelevant in the model building. We then extract tight-
binding models downfolded in terms of the maximally
localized Wannier orbitals. We consider the two eg or-
bitals centered at each of the Cu sites 1, 2, and 3, which
results in a six-orbital model, where the oxygen orbitals
are implicitly taken into account through the Wannier
orbitals. The tight-binding band structure is shown in
Fig. 4(a) (blue lines), which accurately coincides with
the first principles bands. The Wannier orbitals are de-
picted in Fig. 4(c). In the six-orbital band structure,
we notice that the two lowermost bands are nearly flat,
which originates from the orbitals of sites 2 and 3 point-
ing to the direction where oxygens are absent [orbitals 3
and 5 in Fig. 4(c)]. The two bands in the middle are the
bonding bands originating from site 1 dx2−y2 [Fig. 4(c),
orbital 1] and d3z2−r2 [Fig. 4(c), orbital 2], hybridized
with the orbitals of sites 2 and 3 extended toward site
1 and also toward the apical oxygens [Fig. 4(c), orbitals
4 and 6]. An important point here is that the low api-
cal oxygen height makes the upper (lower) bonding band
mainly originated from the d3z2−r2 (dx2−y2) at site 1,
because the energy levels of these orbitals are inverted
from those in the conventional cuprates, as suggested in
previous studies [6, 9, 11]. The top two bands are the
antibonding bands from the hybridization between site 1
and sites 2 and 3. Here, the orbitals at sites 2 and 3, hy-
bridized with site 1 orbitals, have energy higher than site
1 dx2−y2 and d3z2−r2 orbitals because the apical oxygens
at sites 2 and 3 are closer to Cu.
In the actual material Ba2CuO3+δ, the Fermi level
5should be shifted downward to intersect the middle two
bands because the oxygen content is larger than in
Ba2CuO3. Therefore, we further construct a two-orbital
model that extracts the two middle bands, as shown in
Fig. 4(b), by considering dx2−y2 and d3z2−r2 Wannier
functions centered at Cu site 1. In this model, the or-
bitals of Cu sites 2 and 3, as well as the oxygen 2p or-
bitals, are implicitly taken into account through the Wan-
nier functions. In this two-orbital model, we shall some-
times refer to the dx2−y2 and d3z2−r2 Wannier orbitals
as orbitals 1 and 2, respectively. Note that, although we
cannot rule out the possibility of a high-spin state, in the
following analysis we assume that the ground state is in
a low-spin state.
We vary the band filling in the following FLEX calcu-
lation assuming a rigid band in these models, where the
correspondence between the oxygen content and the band
filling is as follows. In Ba2CuO3, the nominal Cu valence
is +2, so the electron configuration is 3d9 on average, that
is, (three eg electrons) × (four sites) = (12 eg electrons)
per unit cell. Since the eg orbitals at Cu site 4 are fully
occupied by electrons, there are 8 eg electrons per unit
cell in the six-orbital model. Namely, the band filling n,
defined as the number of electrons per spin per unit cell,
is n = 4. Similarly, n = 3 corresponds to Ba2CuO3.25.
The band filling of the six-orbital model subtracted by
two gives that of the two-orbital model because the bot-
tom two occupied bands are ignored in the latter; namely,
n = 1 and n = 2 in the two-orbital model correspond to
Ba2CuO3.25 and Ba2CuO3, respectively. An interesting
point here is that the oxygen content of O3.25, which is
close to the actual experimental situation of ∼ O3.2 [6]
and implies a large amount of hole doping (∼ 50%) in the
usual sense of the term, in fact corresponds to half filling
in the present two-orbital model of the Lieb-type lattice.
We shall indeed see that the electron correlation effect
are maximized and thus superconductivity is optimized
around this band filling.
For later reference, we have also obtained, via struc-
tural optimization, the electronic band structure for the
K2NiF4-structured Ba2CuO4 by VASP taking a 8×8×8
k-mesh with a plane-wave cutoff energy of Ecut = 550 eV
[Figs. 3(d) and (e)]. There, we construct a two-orbital
model by extracting the eg orbitals centered at the Cu
sites [Fig. 4(d)]. We shall discuss the relation between
the Lieb lattice-type and K2NiF4-type structures in the
Discussions section.
C. Superconductivity
We now move on to the FLEX calculation for super-
conductivity. We start with the two-orbital model for the
Lieb lattice. Figure 5 plots the eigenvalue of the Eliash-
berg equation λ at T = 0.01 eV for the s- and d-wave
pairing symmetries. We can see that the two pairing
symmetries give somewhat close values of λ, where the
s wave slightly dominates within the parameter regime
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FIG. 4. Band structure (blue lines) of the (a) six-orbital model and (b) two-orbital model of the Lieb lattice, with an
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orbital model with VESTA software. (d) Band structure of the two-orbital model of the K2NiF4-type Ba2CuO4 superposed to
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studied. In both symmetries, λ is maximized at n = 1.
This is because electron correlation effects are maximized
around half-filling, and, as stressed above, we can notice
this band filling corresponds to the oxygen content of
O3.25, close to the actual material.
Before we go any further, we have to carefully exam-
ine the gap functions and the definition of the pairing
symmetry. Figure 6 displays the gap functions in both
orbital and band representations. Note above all that
the gap function in the present multi-orbital system is a
matrix. A curious finding in Fig. 6 is that the pairing
symmetry is inverted between diagonal and off-diagonal
matrix elements, i.e., s-wave diagonal elements are ac-
companied by d-wave off-diagonal ones [Figs. 6(a) and
(c)], while d-wave diagonal elements are accompanied by
s-wave off-diagonal ones [Figs. 6(b) and (d)]. This occurs
both in orbital [Figs. 6(a) and (b)] and band [Figs. 6(c)
and (d)] representations. We can trace the curious phe-
nomenon back to the hybridization between the dx2−y2
and d3z2−r2 orbitals, where the hybridization has sign
structure in a dx2−y2 symmetry. In Fig. 5, we have ab-
breviated the diagonal s-wave with off-diagonal d-wave as
s-wave, and the diagonal d with off-diagonal s as d-wave.
We will adopt this abbreviation hereafter.
If we focus on the orbital-diagonal elements of the gap
function, the d-wave has the cos(kx)− cos(ky) form usu-
ally encountered in similar analysis of the conventional
cuprates. In real space, this corresponds to a nearest-
neighbor pairing, whose wave function changes its sign
upon 90-degree rotation. On the other hand, the s-wave
7gap roughly has the form cos(kx)+cos(ky), which implies
that this is basically an extended s-wave with a pair resid-
ing on nearest-neighbor sites. We can compare the band
representation of the s-wave gap function with Green’s
function |G(k)| in Figs. 6(e) and (f). The ridges in |G(k)|
represent the Fermi surface, and we have two pieces for
the Fermi surface in this two-orbital model as seen from
|G11| and |G22|. We can then realize that the gap has a
sign-inversion across the two Fermi surfaces; namely, we
have here the so-called s±-wave gap function, as depicted
in the left panel of Fig. 7(b), which is reminiscent of the
iron-based superconductors [28, 57] as far as the Fermi
surfaces are concerned.
If we now turn to the orbital-off-diagonal elements
of the gap function, the symmetries (s or d) are ex-
changed from the diagonal elements as we have noted,
but we can also notice in Fig. 6 that the amplitudes
of the off-diagonal elements are comparable to those of
the diagonal ones, which indicates that the inter-orbital
pairing has significant contributions. Now, inter-orbital
spin-triplet pairing has been studied in the multiorbital
Hubbard model that has degenerate orbitals [58–61], but
in the present case the gap function has the symmetry
∆αβ(k) = ∆βα(−k) that signifies a singlet pairing. We
can intuitively grasp, in real space, the coexistence of the
inter- and intra-orbital pairings in Fig. 7(a), where both
of intra-orbital and inter-orbital pairs reside on nearest
neighbors, as we have explained. Since pairing between
electrons having large energy difference is unlikely, this
kind of pairing is peculiar to systems where the two or-
bitals are close in energy.
We now grasp how the coexisting inter- and intra-
orbital pairings arise. We find, in the typical parame-
ter regime considered, that the diagonal components of
Green’s function (at the lowest Matsubara frequency) are
larger than the off-diagonal ones, with their real part
much larger than the imaginary part, and that they sat-
isfy Re[Gmm(k)]Re[Gll(−k)] > 0, where m, l =orbital 1
(dx2−y2) or 2 (d3z2−r2). We can thus roughly extract
the contributions of these components in the linearized
Eliashberg equation as
λ∆11(k) ∼ −Γ1111(q)G11(k − q)∆11(k − q)G11(q − k), (9)
λ∆12(k) ∼ −Γ1212(q)G22(k − q)∆21(k − q)G11(q − k), (10)
λ∆11(k) ∼ −Γ1221(q)G22(k − q)∆22(k − q)G22(q − k), (11)
λ∆12(k) ∼ −Γ1122(q)G11(k − q)∆12(k − q)G22(q − k), (12)
for the intraorbital [Eqs.(9) and (12)] and interorbital
[Eqs.(10) and (11)] pair scattering channels with the
Feynman diagrams for the pairing interaction Γαββ′α′
as depicted in Figs. 8(i) and 8(j) and Figs. 9(i) and 9(j).
See Table I.
To identify which interaction parameters in the Hamil-
tonian dominate these pairing interactions, we calcu-
late the eigenvalue λ against the band filling for vari-
ous choices of (U,U ′, J, J ′) as shown in Fig. 10. Here we
permit breaking the orbital rotational symmetry (U ′ =
U − 2J) in order to extract the effect of each interaction.
The pairing interaction Γαββ′α′ for the varied interactions
TABLE I. The pairing interactions.
pairing pair scattering
Γ1111,Γ2222 intra-orbital intra-orbital
Γ1122 inter-orbital intra-orbital
Γ1221 intra-orbital inter-orbital
Γ1212 inter-orbital inter-orbital
is depicted in Figs. 8 and 9. We find in Fig. 10 that in-
creasing the inter-orbital interactions, U ′, J , and J ′, en-
hances λ. On the other hand, Fig. 10(c) shows increasing
the intra-orbital U initially enhances λ, which is rounded
off for larger U . If we compare this with Figs. 9(a)–(c)
and 9(e)–(g), we reveal that increasing U ′, J , and J ′ en-
hances Γ1221 and Γ1212, which in turn enhances λ. On the
other hand, increasing U enhances Γ1111 [Figs. 8 (a) and
(d)] and Γ1122 [Figs. 8(e) and (h)], but suppresses Γ1221
[Figs. 9(a) and (d)] and Γ1212 [Figs. 9(e) and (h)]. The
increase of Γ1111 enhances the intra-orbital pairing while
the increase of Γ1122 enhances the interorbital pairings,
but the suppression of Γ1221 degrades intra-orbital pair-
ings while the suppression of Γ1212 degrades inter-orbital
pairings, which is probably the origin of the nonmono-
tonic behavior against the U variation.
A salient feature here is that Γαββ′α′s all have peaks
around q = (pi, pi). From Eqs. (9)–(12), the portions of
the gap function in the regions where Green’s function is
large should change sign across (pi, pi) within ∆11, ∆12,
and between ∆11 and ∆22 as indicated by yellow arrows
in Fig. 6(a). Which of the s- or d-wave pairings domi-
nates should depend on the shape of the Fermi surface;
if we reduce the inter-orbital hopping, the Fermi surface
of the lower band is less warped as depicted in Fig. 7(b),
and the Fermi surface approaches (pi, 0)/(0, pi), which fa-
vors d-wave pairing because cos(kx) − cos(ky) has large
amplitudes around (pi, 0)/(0, pi). In the case without the
interorbital hopping (t12 = 0), however, we find that the
value of d-wave λ (∼ 0.1, not shown) is smaller than
that of s-wave λ for the original value of t12. Also, in
the absence of t12, the off-diagonal component, ∆12, in
the orbital representation of the gap function vanishes.
Therefore, we arrive at a mechanism in which the effect of
the interorbital hybridization can enhance the supercon-
ductivity through the coexisting intra- and interorbital
pairings.
Finally, let us turn to the six-orbital model in its FLEX
results. We show the band filling dependence of λ in
Fig. 11, and the gap functions and Green’s functions in
Fig. 12, for s- and d-wave pairings. We find that the
results are similar to those obtained for the two-orbital
model. Namely, s-wave and d-wave closely compete with
each other, and the intra- and inter-orbital pairing com-
ponents coexist. Further understanding of the relation
between the two-orbital and six-orbital models is given
in the Discussions section below.
8D. Dependence on the level offset between the two
orbitals
So far we have adopted the tight-binding parame-
ter values (the hoppings and the on-site energies) esti-
mated by first principles band calculation and Wannier-
ization. The obtained maximum value of λ is about 0.3
at T = 0.01 eV, which is not large enough to explain the
Tc ∼ 73 K experimentally found in Ba2CuO3+δ [6]. If
we stick to these parameter values, some additional pair-
ing mechanisms (e.g., electron-phonon interaction) which
boost the Tc would be required. We note, however, that
there are some ambiguities in the parameter values in
the Hamiltonian, particularly the energy level offset be-
tween dx2−y2 and d3z2−r2 orbitals. First, in the actual
samples used in the experiment with excess oxygens, the
holes doped into the planes may attract the apical oxy-
gen more strongly than theoretically estimated here, as
we have mentioned above. Indeed, the theoretical aver-
age apical height, 1.98 A˚, estimated here for Ba2CuO3, is
larger than the experimental value (1.86 A˚). The excess
oxygens themselves would repel the apical oxygens, but
this effect should be insignificant at Cu site 1, where no
additional oxygens can be coordinated. The lowered api-
cal oxygens at site 1 would further push up the d3z2−r2
energy level. Second, the level offset may be affected by
correlation effects that are not taken into account in the
first principles calculation. For instance, Ref. [65] stud-
ied a nickelate superlattice system where the dx2−y2 and
d3z2−r2 levels are inverted, and found that the correla-
tion effect taken into account with the dynamical mean
field theory pushes the d3z2−r2 band just above the Fermi
 0
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FIG. 5. Eigenvalue λ of the two-orbital model for s-wave
(intraorbital s and interorbital d) and d-wave (intra-orbital d
and inter-orbital s) pairings plotted against the band filling.
The parameter values adopted are U = 2.0 eV, J = J ′ =
U/10, and U ′ = U−2J . In the two-orbital model, we use U =
2 eV, which is somewhat smaller than that of the conventional
cuprates [62–64], to take into account the wide spread of the
Wannier functions across neighboring Cu atoms.
level to make its Fermi surface vanishing.
With these considerations, let us probe how the eigen-
value λ against the band filling changes when the level
offset
∆E ≡ Ed3z2−r2 − Edx2−y2
is varied, in order to seek a possibility for a further
enhancement of superconductivity. In Figure 13, the
eigenvalue of the Eliashberg equation of the two-orbital
model is plotted against the band filling for various val-
ues of ∆E, where the d3z2−r2 level is changed. The
result does reveal intriguing features. If we first focus
on the region around quarter-filling n = 0.5 (one elec-
tron per two orbitals, corresponding to an oxygen con-
tent of 3 + δ = 3.375), the λ is enhanced as ∆E in-
creases. Here we find that the dominating pairing sym-
metry changes from s-wave to d-wave. This is because
the system approaches a half-filled single-band system for
higher d3z2−r2 level, favoring dx2−y2 -wave pairing [66].
This resembles the situation in the conventional cuprates
with nearly d9 electron configuration (three electrons per
two eg orbitals), where a sufficiently low d3z2−r2 -level re-
sults in an effective single-band system comprising the
dx2−y2 orbital and hence favors d-wave pairing [2–5]: The
difference is that the d3z2−r2 is moved away from the
main band upward in the present case or downward in the
latter. However, the eigenvalue λ here is not so high as
in the typical single-band cuprates such as HgBa2CuO4
because the band width is narrower.
If we now turn to the region around n = 1, ∆E smaller
than the original value somewhat enhances the s-wave λ.
We find that a smaller ∆E increases Γ1111 and Γ1122 (not
shown), and we speculate that the near degeneracy of
the two orbitals favors the inter-orbital pairing through
the enhancement of Γ1122 (the intra-orbital scattering of
inter-orbital pairs). The enhancement of λ upon reduc-
ing ∆E further confirms our statement in Sec. III C
that the inter-orbital hybridization, which induces inter-
orbital pairing, is favorable for superconductivity.
What is even more interesting and realistic is the case
of larger ∆E in the n = 1 regime (which does correspond
to 3 + δ = 3.25, close to the experimental situation [6]).
There, λ corresponding to the s-wave in Fig.13 is strongly
enhanced when ∆E is increased to some extent from its
original value. In this parameter regime, we find that the
s-wave strongly dominates over the d-wave. The maxi-
mum value of the s-wave λ is as large as 0.6, which is close
to the value obtained for HgBa2CuO4, a superconductor
with Tc ' 100 K [67].
In fact, for ∆E where λ is optimized, the bottom of the
d3z2−r2 band is close to the Fermi level (as indicated in
inset of Fig. 13). Recently, such a band lying just above
or below the Fermi level is referred to as an “incipient
band”, and has received attention, especially in the con-
text of the iron-based superconductors [27–35, 38], where
hole bands lying just below the Fermi level are observed
in some materials [30, 31, 68–75]. In a wider context, the
possibility of the occurrence or strong enhancement of su-
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FIG. 6. For the two-orbital model, (a) the intra-orbital s-wave with an inter-orbital d-wave gap functions. The portions of the
gap functions that change sign across the wave vector (pi, pi) are indicated by yellow arrows (see the text). (b) The intra-orbital
d-wave with an inter-orbital s-wave gap functions are displayed in the orbital representation. Panels (c) and (d) represent
them in the band representation, respectively. Note that since Eq.(8) is a linearized equation, the absolute value of the gap
function does not have any physical meaning, and only its relative magnitude among different orbital components and its
symmetry are relevant. (e) The absolute value of Green’s function in the orbital representation, while (f) shows them in the
band representation. The parameter values adopted are n = 1.0, U = 2.0 eV, J = J ′ = U/10, and U ′ = U − 2J .
perconductivity due to an incipient band has long been
proposed for multiband Hubbard models on various types
of lattices [23, 26, 36, 37, 39–44, 76–82]. A salient feature
in these cases is that the gap function typically exhibits
nodeless “s±-wave” symmetry. Indeed, the gap function
obtained for the present two-orbital model exactly has
a nodeless s±-wave symmetry, as displayed in Fig. 14.
Another prominent feature in the gap function is that
the inter-orbital pairing (off-diagonal element in the or-
bital representation) is suppressed compared to the case
with the original value of ∆E (Fig. 6). This may seem
to contradict with what we have concluded previously,
namely, that the inter-orbital pairing is favorable for the
superconductivity. We shall further discuss this issue in
Sec. IV B. Also, if we look in Fig. 15 at the effective pair-
ing interactions for the incipient band case, we can find
that Γ1221, which describes the interorbital scattering of
intraorbital pairs, is strongly enhanced. We shall come
back to the relation between the present model and those
in the previous studies also in Sec. IV.
IV. DISCUSSIONS
A. Relation with the K2NiF4-type structure
In the present Lieb-lattice model, s±-wave and dx2−y2 -
waves are found to compete with each other. A close
competition between the s± and dx2−y2 has been found
in a previous theoretical study, where the K2NiF4-
type structure with a reduced apical oxygen height was
adopted [9, 83]. It is an intriguing problem how these are
possibly related.
In Fig. 4(d), we have shown the first principles band
structure of Ba2CuO4 in the K2NiF4-type structure. We
can notice that the band structure of the two-orbital
model for the K2NiF4-type structure is similar to that
of Ba2CuO3 in the Lieb-lattice structure [Fig. 4(b)], ex-
cept for the band width. This is in fact understandable
because, in the Lieb lattice, site-2 and site-3 orbitals ex-
tend toward site 1 [Fig. 4(c), lower right panel], so that
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FIG. 7. (a) Schematics of the coexisting intra- and inter-
orbital nearest-neighbor pairings. In the upper figure, we de-
pict the energy level of the two orbitals centered at site 1 of
the Lieb-type lattice, and the electrons occupying those or-
bitals and forming nearest-neighbor pairs. Note that “nearest
neighbor here refers to the nearest-neighbor unit cells rather
than the sites. (b) The Fermi surface at n = 1.0 for the origi-
nal band structure of the two-orbital model (left) and that of
the band structure in the absence of the inter-orbital hopping
(right). The signs in the gap functions are indicated for the
s±-wave (left) and d-wave (right).
they can be regarded as playing a role of the oxygen 2pσ
orbitals in the K2NiF4 structure; in this structure, the
oxygen 2p orbitals have an energy somewhat lower than
the Cu 3d orbitals, while in the Lieb lattice, the site-2
and site-3 orbitals have somewhat higher energies than
the site-1 orbitals, presumably because the apical oxygen
height at site-2 and site-3 are lower than at site-1. The
band width of the latter is narrower than the former be-
cause the electron hoppings between Cu site-1 orbital and
the Cu site-2 and site-3 orbitals are smaller than those
between Cu 3d and O 2p orbitals. We can therefore state
that, starting from the conventional CuO2 plane and re-
moving the oxygens to form a Lieb lattice, we unexpect-
edly encounter an analog of the CuO2 plane, on a smaller
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FIG. 8. The interaction dependence of the effective intra-
orbital interactions, Γ1111 [(a)–(d)], and inter-orbital inter-
actions, Γ1122 [(e)–(h)], of intra-orbital pairs at the lowest
Matsubara frequency. The bottom panels depict the Feyn-
man diagram of Γ1111 (i) and Γ1122 (j). Note that the pairing
interactions are plotted over the range 0 ≤ qx, qy ≤ 2pi to
display the peak structure around (pi, pi) clearly.
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FIG. 9. The interaction dependence of the effective inter-
orbital interactions of intra-orbital pairs, Γ1221 [(a)–(d)], and
of inter-orbital pairs, Γ1212 [(e)–(h)], at the lowest Matsubara
frequency. The bottom panels depict the Feynman diagram
of Γ1221 (i) and Γ1212 (j). Note that the pairing interactions
are plotted over the range 0 ≤ qx, qy ≤ 2pi to display the peak
structure around (pi, pi) clearly.
energy scale. Since the band structures are similar, so
are the FLEX results. In Figs. 16 and 17, we show the
FLEX result for the two-orbital model of the K2NiF4-
type structure. We again end up with a close competi-
tion between s±-wave and dx2−y2-wave pairings, which is
qualitatively consistent with the previous random-phase
approximation study [9]. We note that the eigenvalue λ
for the K2NiF4-type structure in Fig. 16 is larger than
that for the Lieb-lattice-type structure in Fig. 5 because
of the wider band width, which might seem more consis-
tent with the experiment [6] from the viewpoint of the
high Tc, but this, of course, is not the case because the
K2NiF4-type structure does not take into account the
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FIG. 10. s-wave eigenvalue λ plotted against the band filling
in the two-orbital model for the interaction values varied in
different ways. (a) U ′ dependence with fixed U = 2.0 eV and
J = J ′ = 0.2 eV, (b) J , J ′ dependence with fixed U = 2.0 eV
and U ′ = 1.6 eV, and (c) U dependence with U ′ = U − 2J
and J = J ′ = U/10.
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FIG. 11. Eigenvalue λ in the six-orbital model for s-wave
and d-wave pairings plotted against the band filling. The in-
teraction parameters are U = 2.5 eV, J = J ′ = U/10, and
U ′ = U − 2J . In the six-orbital model, since the Wannier or-
bitals are localized to each Cu atom, we use U = 2.5 eV, which
is close to values evaluated for the conventional cuprates [62–
64].
large amount of oxygen vacancies observed experimen-
tally.
From the above consideration, we can make an in-
teresting observation that the relation between the two-
orbital and six-orbital models for the Lieb lattice is anal-
ogous to the relation between the single-band Hubbard
model and the three-band d-p model in the conventional
cuprates.
B. Relation with the bilayer model
We have found that s±-wave superconductivity is
strongly enhanced in the Lieb-lattice model when the
d3z2−r2 band is raised so that it becomes incipient. Such
a strong enhancement of s±-wave superconductivity re-
minds us of the bilayer Hubbard model on a square lat-
tice [39, 42, 43, 76–80, 84–92], where enhanced super-
conductivity is found when one of the bands is incipi-
ent [39, 42, 43, 76–80]. However, the bilayer Hubbard
model is a single-orbital (one orbital per site) system with
two sites per unit cell. The enhancement of superconduc-
tivity in such a system is mediated by spin fluctuations
originating from the on-site U , which gives rise to the
pairing interaction between the bonding and antibond-
ing bands, both of which have equal weight of the two
orbitals in a unit cell. Similar enhancement mechanism
of superconductivity in multiorbital systems has been dis-
cussed in the context of the iron-based superconductors,
where portions of the electron and hole Fermi surfaces
having the same orbital character interact via the effec-
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FIG. 12. The s-wave gap function in the six-orbital model in
the orbital representation (a) or the band representation (b),
along with Green’s function the orbital representation (c) or
the band representation (d). The parameter values adopted
are n = 3.0, U = 2.5 eV, J = J ′ = U/10, and U ′ = U − 2J .
tive interaction (Γllll in the present notation) enhanced
mainly by the intra-orbital U [93]. In the present Lieb-
lattice model, and also in the two-orbital model of the
K2NiF4-type structure, the situation is distinct in that
the orbital character is quite different between the two
bands. The lower band has a strong dx2−y2 character,
while the upper band is dominated by d3z2−r2 charac-
ter, so that here the inter-orbital interactions (U ′, J, J ′)
should be the key. The present view that inter-orbital in-
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FIG. 13. The largest eigenvalue λ of the two-orbital model
plotted against the band filling for various values of the level
offset, ∆E ≡ Ed
3z2−r2 −Edx2−y2 . The original value is ∆E =
0.47 eV. The pairing symmetry is s-wave, except for those
symbols marked with a dashed square where the symmetry
is d-wave. The interaction parameters are U = 2.0 eV, J =
J ′ = U/10, and U ′ = U − 2J . The inset depicts the bare
band structure with ∆E increased by +0.5 eV. The horizontal
black line represents the Fermi level for n = 0.9. We note that
the FLEX calculation did not converge for some cases around
n = 1 due to large spin fluctuations, and hence the data points
for those cases are missing.
teractions play an important role can be reinforced from
the pairing interactions presented in Fig. 15, where the
inter-orbital pair scattering vertices (Γ1221 and Γ1212) are
large, and also from the gap functions in Fig. 14, where
the sign of the gap function is reversed between dx2−y2
and d3z2−r2 orbitals. Figure 14 also shows that the or-
bital and the band representations resemble with each
other, which implies the two bands have different orbital
characters.
Can we identify the reason why superconductivity is
enhanced even when the incipient band has an orbital
character different from that of the main band? Let us
propose a succinct way to understand this. As shown in
Appendix C, the single-orbital (with one orbital per site)
Hubbard model on a bilayer square lattice [Fig. 18(a)]
with an on-site interaction U can be transformed into
a two-orbital Hubbard model on a (monolayer) square
lattice with all the on-site intra- and inter-orbital in-
teractions being U/2 [94]. In this transformation, the
bonding and antibonding orbitals in the bilayer system,
comprising the two sites connected by the vertical in-
terlayer hopping t⊥, translate to the dx2−y2 and d3z2−r2
orbitals in the monolayer system, with ∆E playing a role
of 2t⊥. In the bilayer Hubbard model, whose noninter-
acting band structure is depicted in Fig. 18(b), super-
conductivity is found to be strongly enhanced when one
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FIG. 14. The s-wave gap function for the two-orbital model in
the incipient-band case in the orbital representation (a) and
the band representation (b), along with Green’s function in
the orbital representation (c) and the band representation (d).
The interaction parameters are U = 2.0 eV, J = J ′ = U/10,
U ′ = U − 2J , n = 0.9, and ∆E = ∆Eoriginal + 0.5 eV.
of the bands becomes (nearly) incipient upon increasing
t⊥ [39, 42, 43, 76–79].
From the viewpoint of the transformation introduced
here, the result for the two-orbital model of the Lieb lat-
tice thus corresponds to that of the bilayer model in that
superconductivity is strongly enhanced when the upper
band becomes incipient upon increasing ∆E. The gap
function of the Lieb two-orbital model also resembles that
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FIG. 15. The pairing interactions for the two-orbital model
in the incipient-band case. The interaction parameters are
U = 2.0 eV, J = J ′ = U/10, U ′ = U − 2J , n = 0.9, and
∆E = ∆Eoriginal + 0.5 eV.
obtained for the bilayer model. We show in Fig. 18(c) the
gap function of the bilayer Hubbard model in the band
representation. (Note that the band representation in the
bilayer model corresponds to the orbital representation in
the two-orbital model.) The parameter values are deter-
mined from those for the Lieb two-orbital model with ∆E
increased by +0.5 eV using the transformation given in
Appendix C. The nodeless s±-wave gap function indeed
resembles that of the two-orbital model. By “nodeless,”
we mean that the gap within each band does not change
sign, not only on the Fermi surface but over the entire
Brillouin zone. Also, the enhancement of the interac-
tion Γ1221 for the inter-orbital scattering of intra-orbital
pairs (Fig. 15) corresponds to the dominant pairing in-
teraction in the bilayer model that induces inter-band
scattering of intra-band pairs. All these resemblances
between the two-orbital model and the bilayer model
suggest that the transformation is approximately valid
even when U 6= U ′ 6= J . On the other hand, if we look
more closely, the gap function of the bilayer model is
nearly constant within each band [Fig. 18(c)], whereas
that of the present model exhibits momentum depen-
dence, which roughly has a cos(kx) + cos(ky) + const.
form. Namely, in the bilayer model, the pairing in real
space occurs basically within the same unit cell (con-
nected by t⊥), while in the two-orbital model a mixing
of intra- and inter-unit cell pairings takes place.
The interorbital repulsion U ′ is usually known to en-
hance charge or orbital fluctuations [95], which gener-
ally compete with spin fluctuations in mediating Cooper
pairing because the charge and orbital (spin) fluctuations
give rise to attractive (repulsive) pairing interactions. An
intriguing point to note in the present case is that U ′
plays a crucial role in enhancing spin fluctuations, as can
be captured from the analogy with the bilayer Hubbard
model where spin fluctuations solely dominate.
The two-orbital to bilayer transformation appears to
be approximately valid only when ∆E is not too small;
namely, s-wave dominates over d-wave when ∆E is small
in the present two-orbital model, while d-wave is dom-
inant in the bilayer model with small t⊥ [77]. This is
presumably because the cos(kx)−cos(ky) form of the hy-
bridization cannot be transformed into the bilayer square
lattice form of the Hamiltonian (with the off-diagonal
elements in Eq. (C5) in Appendix C having tetragonal
symmetry), so that the transformation loses its validity
as ∆E becomes smaller than the inter-orbital hopping
between dx2−y2 and d3z2−r2 orbitals. When ∆E is large,
on the other hand, the inter-orbital hybridization loses
 0
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FIG. 16. Eigenvalue λ in the two-orbital model of the K2NiF4-
type structure for s-wave and d-wave pairings plotted against
the band filling. The interaction parameters are U = 3.0 eV,
J = J ′ = U/10, and U ′ = U − 2J .
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its significance, so that the transformation becomes more
valid. However, when ∆E is small, the effect of the hy-
bridization will be prominent, so that d-wave gives way to
s-wave, in contrast to the bilayer model case, because, as
mentioned in Sec. III C, the inter-orbital hopping makes
the s-wave pairing more favorable.
We mentioned in Secs. III C and III D that the inter-
orbital hybridization is favorable for superconductivity.
However, we find that this is not the case when ∆E is
large as in the incipient band situation; there, if we turn
off the inter-orbital hopping t12, the inter-orbital compo-
nent of the gap function ∆12 vanishes, but λ is enhanced,
namely, the better correspondence to the bilayer model
is more favorable for superconductivity. Since the inter-
orbital and the incipient-band enhanced pairing mecha-
nisms are essentially different, whether the presence of
inter-orbital pairing is favorable for superconductivity or
not depends on the magnitude of the level offset between
the two orbitals.
We note that apart from the problem of Ba2CuO3+δ,
the occurrence of s±-wave superconductivity in
the cuprates was also proposed for a model [96]
of highly overdoped CuO2 monolayer grown on
Bi2Sr2CaCu2O8+δ [97]. In this model, the d3z2−r2
band lies below the dx2−y2 band as in the conventional
cuprates, but due to the large amount of holes, the
Fermi level not only intersects the dx2−y2 band, but
also intersects the top of d3z2−r2 band. This resembles
the incipient-band situation of the present two-orbital
model, if we make an electron-hole transformation.
V. CONCLUSIONS
In the present study, we have proposed the Lieb lat-
tice as a candidate for the lattice structure of the newly
discovered superconductor Ba2CuO3+δ. We have shown
from the total energy that the proposed lattice structure
is almost as stable as the chain-type structure that is
known to exist. The dynamical stability of the proposed
structure is also shown through a phonon calculation.
Applying a FLEX approximation to the relevant two-
orbital and six-orbital models derived from the first-
principles band calculation, we find that coexistence of
intra- and inter-orbital pairings arises due to the rela-
tively small energy level offset between the dx2−y2 and
d3z2−r2 orbitals. As for the pairing symmetry, s-wave and
d-wave pairings closely compete with each other, with
the former dominating. Superconductivity is optimized
around the band filling corresponding to the oxygen con-
tent of 3 + δ = 3.25, which is close to that of the actual
material.
The maximum eigenvalue of the Eliashberg equation
is not large enough to explain the observed Tc. While
a cooperation with other pairing glues such as phonons
may be necessary to fully understannd the experiment,
we have proposed an alternative scenario for explaining
the observed Tc by varying the level offset between the
two orbitals, which is motivated from the consideration
that the level offset may be larger in the actual mate-
rial Ba2CuO3+δ than its first principles estimation for
Ba2CuO3. We have indeed found that s±-wave super-
conductivity is strongly enhanced when the d3z2−r2 band
is raised in energy so that it becomes nearly incipient
around the band filling corresponding to the oxygen con-
tent of 3 + δ = 3.25. In this situation, in contrast to
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the case with smaller level offset, the amplitude of the
inter-orbital pairing is small, while the inter-orbital pair
scattering plays an essential role.
We have then noted that both the band structure and
the FLEX results resemble those of the two-orbital model
for the K2NiF4-type structure. We have traced its origin
back to the fact that the Cu orbitals at sites 2 and 3 in
the Lieb lattice play the role of the oxygen 2pσ orbitals
in the K2NiF4 structure, so that the electronic structure
of the former is analogous to that of the latter.
From this observation, we have further pointed out a
relation between the two-orbital model for the Lieb lat-
tice and the Hubbard model on the bilayer square lat-
tice. When one of the bands is incipient, the two models
exhibit similar results regarding the enhancement of su-
perconductivity and the nodeless form of the gap func-
tion. The resemblance suggests that the transformation
between the two-orbital model and the bilayer model,
which is shown to be rigorous when the intra- and inter-
orbital interactions are equal, is valid to some extent even
when the interactions are not equal.
In the present study, we have focused on the 2-1-3 com-
position, and varied the band filling assuming a rigid
band. It will be an interesting and important future
problem to explicitly investigate the effect of the “+δ”
excess oxygens.
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Appendix A: The crystal structures of the
Lieb-lattice-type and the chain-type Ba2CuO3
In the main text we have proposed a Lieb-lattice-
type structure for Ba2CuO3 and discussed the stability
for comparison with the chain-type structure. For their
stacking geometry, we show the detail in Fig. 19 as the
side views of these structures that we actually use in the
first-principles calculation. For the Lieb lattice, layers are
stacked in such a way that the in-plane components of
the translation vector between adjacent layers are always
∼ ( 14 , 14 ) in units of the lattice constants, as depicted by a
side view [Fig. 19(a)] and also by a top view (Fig. 20) of
the Cu-O planes. This stacking pattern breaks tetragonal
symmetry as can be seen from Fig. 20; in fact, one way to
strictly preserve this symmetry is to have four layers in
a unit cell, where the in-plane components of the trans-
lation vector between neighboring layers are ∼ ( 14 , 14 ),
( 14 ,− 14 ), (− 14 ,− 14 ), and (− 14 , 14 ), but that would result in
a very large unit cell. We adopt the structure depicted
in Figs. 19 and 20 to reduce the size of the unit cell
and hence the calculation cost. In practice, however, we
find that the structure we adopt approximately preserves
tetragonal symmetry in that the tight-binding parame-
ters of the obtained models possess tetragonal symme-
try within the accuracy ∼ 10−4 eV. As explained in Ap-
pendix B below, these small parameters are disregarded
in the FLEX calculation, so that the Hamiltonian used
in FLEX preserves the tetragonal symmetry.
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FIG. 19. Side views of (a) the Lieb-lattice-type and (b) chain-
type structures, depicted with VESTA software. In panel (a),
we indicate the translation vectors a1, a2, and a3. Parallelo-
grams formed by blue lines delineate the unit cells.
Appendix B: The tight-binding parameter values for
the Lieb lattice models
Here we give the tightbinding parameters of the six-
orbital [Fig. 4(a)] and two-orbital [Fig. 4(b)] Lieb lat-
tice models obtained by the first-principles calculation
with WANNIER90. In order to simplify the multior-
bital models, we disregard small hopping parameters
|t| < 1.0 × 10−2 eV in the six-orbital model or |t| <
5.0× 10−2 eV in the two-orbital model.
layer 2
layer 1
a2
a3 a1
1
2 4
3
Cu
O
FIG. 20. A top view of the stacked Cu-O layers of the Lieb-
lattice-type structure. The translation vectors are also indi-
cated as in the previous figure.
In the six-orbital Lieb lattice model, we label the Wan-
nier orbitals in a unit cell are as
1
2
3
4
5
6
 =

orbital 1 at site 1
orbital 2 at site 1
orbital 3 at site 2
orbital 4 at site 2
orbital 5 at site 3
orbital 6 at site 3
 , (B1)
where the orbital numbers are depicted in Fig. 4(c). The
kinetic energy in the multiorbital Hamiltonian is given in
terms of the hopping parameters tlm obtained by WAN-
NIER90 as
HKin =
∑
klmσ
∑
R
tlm(R)e
ik·Rc†klσckmσ, (B2)
where l and m denote the orbitals and R is the basic
translation vector. Let us display the hopping integral
matrix tlm(R) [eV] for each basic translation vector R:
For R = (0, 0, 0),
2.51 0 0.15 0.34 −0.15 −0.34
0 2.98 0.08 0.23 0.08 0.23
0.15 0.08 1.10 1.34 0 0
0.34 0.23 1.34 2.51 0 −0.04
−0.15 0.08 0 0 1.10 1.34
−0.34 0.23 0 −0.04 1.34 2.51
 . (B3)
For R = (0,−1, 0),
−0.09 0.05 0 0 0 0
0.05 −0.03 0 0 0 0
0.15 0.08 0 0 0 0
0.34 0.23 0 −0.03 0 −0.04
0 0 0 0 0 0
0 0 0 0 0 0
 . (B4)
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For R = (0,+1, 0),
−0.09 0.05 0.15 0.34 0 0
0.05 −0.03 0.08 0.23 0 0
0 0 0 0 0 0
0 0 0 −0.03 0 0
0 0 0 0 0 0
0 0 0 −0.04 0 0
 . (B5)
For R = (−1, 0, 0),
−0.09 −0.05 0 0 0 0
−0.05 −0.03 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
−0.15 0.08 0 0 0 0
−0.34 0.23 0 −0.04 0 −0.03
 . (B6)
For R = (+1, 0, 0),
−0.09 −0.05 0 0 −0.15 −0.34
−0.05 −0.03 0 0 0.08 0.23
0 0 0 0 0 0
0 0 0 0 0 −0.04
0 0 0 0 0 0
0 0 0 0 0 −0.03
 . (B7)
For R = (+1,−1, 0),
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −0.04
0 0 0 0 0 0
0 0 0 0 0 0
 . (B8)
For R = (−1,+1, 0),
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −0.04 0 0
 . (B9)
In the two-orbital Lieb lattice model, we label the Wan-
nier orbitals as(
1
2
)
=
(
dx2−y2 at site 1
d3z2−r2 at site 1
)
. (B10)
The hopping integral matrix for each R is given as fol-
lows:
For R = (0, 0, 0), (
2.20 0
0 2.67
)
. (B11)
For R = (±1, 0, 0), (−0.15 0.12
0.12 −0.11
)
. (B12)
For R = (0,±1, 0), (−0.15 −0.12
−0.12 −0.11
)
. (B13)
Appendix C: The relation between the two-orbital
model and the bilayer model
Let us explain here the relation between the single-
orbital (one orbital per site) bilayer model and the two-
orbital model [94]. We label the two sites in a unit cell
of the bilayer lattice as i = 1, 2, and the orbitals in the
two-orbital model as a, b = α, β. The on-site interaction
part of the Hamiltonian of the bilayer Hubbard model is
Hbilayerint = U
∑
m
∑
i=1,2
nmi↑nmi↓, (C1)
where m labels the unit cell. With a transformation R
defined as
(
dmασ
dmβσ
)
= R
(
cm1σ
cm2σ
)
=
1√
2
(
1 1
−1 1
)(
cm1σ
cm2σ
)
, (C2)
we go from the site basis (c) to the bonding/antibonding
orbital basis (d). Then Eq.(C1) is cast into
U
2
∑
m,a
nma↑nma↓ +
U
2
∑
m,a6=b
nma↑nmb↓
− U
2
∑
m,a 6=b
d†ma↑dma↓d
†
mb↓dmb↑
+
U
2
∑
m,a 6=b
d†ma↑d
†
ma↓dmb↓dmb↑.
(C3)
Namely, we end up with a two-orbital model where the
on-site intra- and inter-orbital interactions all have the
same strength, U/2.
We can also show how the kinetic energy part of the
Hamiltonian is transformed. Let ckiσ, c
†
kiσ be the Fourier
transform of cmiσ, c
†
miσ. The kinetic energy part is then
given in momentum space as
HbilayerKin =
(
c†k1σ c
†
k2σ
)
Hˆ(k)
(
ck1σ
ck2σ
)
=
(
c†k1σ c
†
k2σ
)(ε1(k) ε′(k)
ε′(k) ε2(k)
)(
ck1σ
ck2σ
)
.
(C4)
For instance, for the bilayer model on a square lattice
with only the in-plane nearest-neighbor hopping t and
the vertical inter-plane hopping t⊥ [Fig. 18(a)], ε1(k) =
ε2(k) = 2t[cos(kx) + cos(ky)], and ε
′(k) = t⊥. With R,
Hˆ(k) is transformed as
RHˆ(k)R†
=
1
2
(
ε1(k) + ε2(k) + 2ε
′(k) ε2(k)− ε1(k)
ε2(k)− ε1(k) ε1(k) + ε2(k)− 2ε′(k)
)
.
(C5)
19
We can thus see that the term t⊥ contained in ε′
corresponds to the energy offset ∆E between the two
orbitals.
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